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Wavelet analysis is used to rationalize information at various scales in several branches of science, including particle physics, biology,
electrical engineering, ﬂuid mechanics, and medicine. However, this powerful technique has not been applied extensively to characterize
structures of materials, fretting damage for the present case, even though many critical questions could be addressed. In particular, the following
unsolved problems are considered in this paper: (a) The ﬁrst problem deals with the quantitative characterization of fretted surfaces in a Ti-6Al4V alloy. This is investigated by analyzing proﬁlometric digital images of fretted surfaces obtained in a range of magniﬁcations. Wavelet
analysis of the data is able to identify, by examining the wavelet coeﬃcients, dominant length scales as those regions in scale-space where the
energy of the wavelet transform and/or peaks of local concentration dominate. For the range of magniﬁcations examined, i.e. from 1:25 to
100, the 20 magniﬁcation is identiﬁed as the one with the most useful information. (b) An alternative procedure is employed for the second
use of wavelets which deals with the non-uniformity of the contact regions. Wavelet analysis is employed to identify partially slipping regions,
which result in the ‘‘pattern’’ of the fretted surface morphology. [doi:10.2320/matertrans.MRA2008378]
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1.

Introduction

Load transmission is very often attained by contact, as is
the case in the problem of fretting damage. In this situation,
contact arises over a macroscopically ﬂat surface, with a
radius of curvature at the edges, usually pre-existing or
generated by wear. The design process for these contacts is
usually derived from experience, and it is very diﬃcult to
examine the details of the contact during fatigue, and the
transition to fretting damage. A large part of practical
analysis is rather post-mortem, where the fretted surfaces are
examined. Since fretting damage is progressive, an important
problem is to decide the magniﬁcation to use for examination
of the fretted surfaces. Under present and current practices,
tests on fretting are done at a single magniﬁcation, which is
decided arbitrarily or empirically. Thus, only features at that
magniﬁcation are seen. Whether features at other magniﬁcations prove to be more important is not addressed under such
practice. It is, partly, the aim of this work to identify fretting
fatigue issues at diﬀerent magniﬁcations and whether there
exists an optimum magniﬁcation to be used in practice. An
optimum magniﬁcation would yield the most useful information, and pave the road towards better understanding of
fretting.
The contact surfaces in the fretting problem are macroscopically ﬂat, and usually analysis is performed under this
‘‘assumption’’. However, surface undulations exist at several
scales, and the relevant ‘‘pattern’’ is highly scale dependent.
Identifying the morphology of such undulations, at several
spatial scales, provides information on the morphology of the
partially slipping regions, and those with sticking contact or
no contact at all. This work addresses both issues above using
the powerful tool of wavelet analysis.
It is not attempted to provide a review of the rather
extensive literature on fretting, yet reference is given to these
*Corresponding
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eﬀorts which are directly related to the present study; reviews
can be found in.1–3) The aim of this paper is to: (a) identify
those magniﬁcations under which the most useful information on fretted surfaces is obtained; (b) identify the ‘‘pattern’’
of the partially slipping regions, as opposed to the sticking
ones, during surface-to-surface contact and correlate it with
actual fretted surface patterns. Wavelets are used herein due
to their elegant multiresolution properties which allow them
to serve as a multiscaling tool to study fretting fatigue
damage as a multiscale phenomenon. Wavelets are particularly well-suited as a tool to study the eﬀect of magniﬁcation used in studying fretting. The following section provides
a brief introduction to wavelet analysis and is followed by the
description of the performed experiments and the wavelet
analysis of the data.
2.

Wavelet Analysis—Background

The wavelet transform can be seen as a mathematical
microscope: when increasing the magniﬁcation, one gains
insight into the intricate structure of a ‘‘pattern’’. Wavelets
provide a mean to mathematically represent functions of
space and/or time- and scale-wise with a few parameters.
The so-called wavelet coeﬃcients provide local information
on the function and also information relevant to scale (level
of magniﬁcation in space/time). Fourier transforms based on
combinations of sines and cosines are very useful for
describing periodic and stationary functions, but they cannot
describe nonperiodic, nonstationary phenomena encountered
in the physical world. Hence, the use of wavelets has found
riches in analyzing complex signals and structures.
Let us brieﬂy present an illustrative example of use of the
wavelet transform, for the purpose of further understanding
and facilitating the subsequent description of the present
work. Figure 1 shows a digital image (512  512 pixels) of
a polycrystalline structure that resulted from Molecular
Dynamics simulations (Figs. 1 to 3 are from work published
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Fig. 1 A digital image of a material microstructure. The image is a result of
MD simulations as described in the text.
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Fig. 3 The wavelet transform of Fig. 1 where all the decomposition images
have been arranged in a large matrix equal to the size of Fig. 1. Details of
the arrangement are shown for the ﬁnest decomposition (three 256  256
images).

A more general goal of wavelet analysis is to describe
graphs (signals) as superposition of elementary functions.
The corresponding description is then used for diﬀerent
purposes, i.e. data compression, feature extraction, pattern
recognition, etc. There are several publications on this
relatively new subject and applications can be found in a
wide variety of scientiﬁc/engineering ﬁelds, e.g.5–15) Wavelet transforms provide both scale and location (and/or time)
information about a given function. A wavelet ðxÞ (with real
values in our case) transforms a function f ðxÞ according to
Z1
Wf ða; bÞ ¼
f ðxÞ a;b ðxÞdx
ð1Þ
1

Fig. 2 The wavelet representation of the Fig. 1 at resolution 32 times
coarser than the original.

in Ref. 4)). The microstructure was obtained from solidiﬁcation of a melt; the solid microstructure was subsequently
annealed for one hour. Figure 2 shows the wavelet representation (not the wavelet transform, as explained later) of
the image at a resolution 32 times coarser than that of the
original image. In other words, it shows the structure of the
polycrystalline material as observed with a magniﬁcation 32
times coarser than the detailed image (Fig. 1). The wavelet
representation provides spectacular evidence of its capability
to describe spatial ‘‘patterns’’ at diﬀerent scales realized as
magniﬁcations; Fig. 2 illustrates the spatial pattern of the
material for a coarser value of the magniﬁcation. In the
present work, instead of the material structure, fretted and
unfretted surfaces are analyzed.

Thepﬃﬃﬃ two-parameter family of functions,
a;b ðxÞ ¼
ð1= aÞ ð xb
Þ
is
obtained
from
a
single
one,
,
called
the
a
1
mother wavelet, through dilatations by the
factor
a
and
pﬃﬃﬃ
translations by the factor b. The factor 1= a is included for
normalization purposes and, with it, all the wavelets have the
same energy. The scale parameter a can take any value on
the positive real axis. The scalars deﬁned in (1) measure the
ﬂuctuations of f ðxÞ around point b at the scale a.
A wavelet analysis can either be continuous or discrete.
The second one, based on an orthogonal decomposition of a
signal can be performed with fast algorithms. For obtaining
Fig. 2, biorthogonal symmetric wavelets of order 12,4 and
the corresponding so-called scaling functions5) were used.
Given the wavelet coeﬃcients Wf ða; bÞ associated to a
function f , it is possible to reconstruct f in real space f ¼
f ðxÞ through the inversion formula
Z Z
1 1 1
da
f ðxÞ ¼
Wf ða; bÞ a;b ðxÞdb 2
ð2Þ
c 0 1
a
At any given scale a > 0, f is decomposed into the
summation of a ‘‘trend’’ at scale s and of a ‘‘ﬂuctuation’’
around this trend. The trend is the contribution from all scales
s > a in (2), and the ﬂuctuation is given by the scales s < a.
By choosing any desired limits for the scale parameter a we
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obtain the representation of f at desired scales, e.g. that of
Fig. 2.
A two-dimensional wavelet transform includes a transform
in the x direction, a transform in the y direction and one in the
x-y direction. For example, given an image of 512  512
pixels, the wavelet transform consists of three 256  256
images (one in the x direction, one in the y, and one in the x-y
direction), three 128  128, and so on; each decomposition
level is at half the resolution from the previous one. The ﬁnal
level of decomposition represents the image at the coarsest
resolution (its size depends on the support length of the
wavelets used and for example it could be an image 16  16
pixels). Figure 3 shows the wavelet transform of Fig. 1,
where the matrices have been arranged into a big matrix of
the size of the original data. Figure 2 was derived by
performing the inverse wavelet transform using only the
wavelet transform data (Fig. 3) up to the resolution 32 times
coarser than that of the original image.
3.

Experimental Procedures

3.1 Fretting fatigue testing
The fretting experimental setup was designed to simulate
the loading conditions under which fretting fatigue damage
occurs in turbine engine blade components. This loading
condition includes a normal and a shear load against the
blade-disk interface, and a bending moment induced by the
dovetail ﬂank angle. The two contacting surfaces, both of Ti6Al-4V, are ﬂat-on-ﬂat with blending radii on both the blade
root and the disk slot. The test apparatus used in the fretting
experiments simulates the blade root geometry by employing
ﬂat fretting pads, with a radius at the edge of contact, against
a ﬂat specimen as shown in Fig. 4. The gripping system of the
fretting fatigue machine was designed with a set of two
removable square fretting pads (25:4  25:4 mm) to facilitate
control of the surface conditions and bolts instrumented with
strain gages in the shank to quantify static normal loads.
The axial fretting fatigue specimen is sandwiched in the
grips, the normal load is adjusted by tightening the
instrumented bolts then, the mean axial and dynamic loads
are applied through pneumatic control, and an oscillatory
axial load is applied with an electromagnetic shaker. The
specimen conﬁguration produces two fretting fatigue tests
per specimen. Fretting damage occurs near the edge of
contact between the specimen and the fretting pads. In the
sample that was used for this analysis, the material had been

fractured on one fretting surface. The opposite end was
characterized. This specimen end can be assumed to be near
its fretting fatigue life.
For the experimental results presented in the following
sections, the Ti-6Al-4V specimens were machine-ﬁnished
and not polished. Each specimen has dimensions 10 mm in
width, 2 mm in thickness and 100 mm in length. For the
fretting contact, a normal stress of 302 MPa was applied. The
mean axial stress was 108.8 MPa with an amplitude ratio of
0.1 applied at 250 Hz. This resulted in a fatigue life of 3:36 
107 cycles.
3.2 Proﬁlometry
White Light Interference Proﬁlometry was used to measure the surface topography before and after the specimens
were subjected to load. This technique is capable of a lateral
surface resolution of 0.2 mm and a vertical resolution of the
height of the sample of approximately 1 nm. The proﬁlometer
operates by reﬂecting a white source light oﬀ of the surface of
the material. The light that is reﬂected from the surface is
combined with the light reﬂected oﬀ a reference surface. This
surface is at a known distance from the beam splitting optic.
When the light travels the same distance to the reference
surface and the test surface, a fringe pattern can be seen as the
height proﬁle of the sample causes the light oﬀ of the surface
to be successively in and out of phase. By scanning the
vertical span of the material and recording the heights where
the primary fringes (those with the highest contrast) are seen,
the surface topography is recorded. This data is then
expressed as a grayscale level in which black represents the
lowest regions on the surface of the material while white
represents the highest regions.
4.

Images of the surfaces (fretted and unfretted) were
acquired at magniﬁcations ranging from 1:25 to 100
(1.25, 2.5, 5, 10, 20, 40, 50, 100). Figures 5 and 6 present
typical 196:8 mm  196:8 mm images with 20 magniﬁcation, showing clearly visible fretting damage; it will be
demonstrated later that, for these series of tests, the 20
magniﬁcation is the one containing the most useful information.
Figure 7(a) shows a 3 mm  3 mm image with 1:25
magniﬁcation corresponding to the same sample, as the one
shown in Fig. 6(b). As it can be observed, the fretted area
is only concentrated in a small area. In order to locate the
region where Fig. 6(b) corresponds to, the 5 image is also
provided (Fig. 7(b)). The small, 768 mm  768 mm, square
delineated in Fig. 7(b) indicates the region of Fig. 6(b),
which corresponds to the fretted zone of the sample.
5.

Fig. 4 Fretting fatigue gripping system.

Experimental Results

Wavelet Analysis of Fretted and Unfretted Surfaces

As mentioned in the introduction, much research has been
conducted on understanding the nature of fretted surfaces.
However, the task of studying how information appears at
various scales on a relative and comparative basis has not
been undertaken. As a consequence, the question as to
‘‘which magniﬁcation(s) should be used for studying fretting
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Fig. 5 Typical images of (a) the unfretted surface and (b) the fretted
surface, for specimens with machine lines oriented at 45 from the
horizontal.

Fig. 6 Typical images of (a) the unfretted surface and (b) the fretted
surface, for specimens with machine lines oriented at 5 from the
horizontal.

fatigue’’ is frequently left unanswered. We address this
important issue, along with the reasons of why wavelet
analysis is ideal for identifying dominant scales.
Using wavelet analysis, we studied the fretted and
unfretted surfaces at magniﬁcation increases from 1:25 to
2:5, 2:5 to 5, etc. In other words, since data at several
magniﬁcations is available, the wavelet synthesis of the data
(as opposed to wavelet decomposition) can be performed, as
done in Refs. 4, 16, 17) for various other problems for
example. This is done by performing the wavelet transform
for the 100 images, for example, and studying the wavelet

coeﬃcients that represent the details from 50 to 100.
Each wavelet coeﬃcient corresponds to a speciﬁc spatial
position in the image and to a speciﬁc scale of details, and it
indicates the sharpness of the variation (surface height for the
present case) in the image at that spatial location and scale of
details. In other words, the higher the absolute value of a
wavelet coeﬃcient the sharper the variation at the corresponding location and corresponding scale. This powerful
analysis reveals the heterogeneity in the surface structure in a
multi-resolution fashion, so we can reveal details at several
scales concurrently.
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(a)

(a)

(b)

(b)

Fig. 8 The energy of the wavelet transform, the part representing the
details from coarser scales, from the ﬁrst set of images. The horizontal
axes represent the level of magniﬁcation and the vertical the energy of the
transform for (a) unfretted surfaces; (b) fretted surfaces.

Fig. 7 (a) 1:25 magniﬁcation image for the same sample as that shown in
Fig. 6(b). (b) 5 magniﬁcation image for the same sample as that shown
in Fig. 6(b). The square indicates the small region where Fig. 6(b) is
located.

Since we have surface height data at several magniﬁcations, we can study the details from one scale to the next.
Before presenting the results of the analysis, it is worth
repeating, see previous section, that for one set of images
with magniﬁcations of 1:25, 2:5, 5, 10, 20, and 40
the ﬁnal machining lines are at about 5 inclined to the
horizontal axis—i.e. the direction of the cyclic stress—while
for another set of 10, 20, 40, 50, and 100, the
machining lines are at about 45 . In a preferred environment,
a large number of angles between machine line and the
horizontal axis should be examined. However, this is diﬃcult

to achieve experimentally, thus two angles, a small (5 ) and
one between 0 and 90 (45 ) were chosen.
Figure 8 shows the wavelet coeﬃcients (in particular
the energy of the wavelet transform, deﬁned in a ‘‘signal
processing’’ sense as the dot product of the matrix of
coeﬃcients with itself) that represent the details from coarser
scales for images of the ﬁrst set of images (machine lines at
about 5 to the horizontal) and similarly Fig. 9 for the second
set (machine lines at about 45 to the horizontal). From these
results we can deduce the following:
The wavelet coeﬃcients representing the details from
coarse to ﬁne scales, and for the unfretted surfaces the details
(energy of the transform) decreases with increasing magniﬁcation. However, for the fretted surfaces the energy of the
transform at 20 increases signiﬁcantly (relative comparison
with the fretted surfaces). Thus, the most important scale is
revealed at 20, and other scales are of decreasing
importance for fretted surfaces. This implies that at 20
the fretted surface contains the most useful information or
20 shows maximum ‘‘tortuous’’ or least ﬂat features, which
depict the extent of fretting damage. Obviously, we have only
examined a single ‘‘realization’’ of the surfaces; a statistical
treatment is more applicable here, and this as well as other
important issues are now addressed. Of course, other
materials have to be tested accordingly to ﬁnd the magniﬁcation with most useful information. There should be a
relation between the size of material features (e.g. grain size)
and information at various magniﬁcations, yet that relation is
not addressed herein.

Multiscale Wavelet-Based Analysis and Characterization of Fretting Fatigue Damage in Titanium Alloys

(a)

(b)

Fig. 9 The energy of the wavelet transform, the part representing the
details from coarser scales, from the second set of images. The horizontal
axes represent the level of magniﬁcation and the vertical the energy of the
transform for (a) unfretted surfaces; (b) fretted surfaces.

We only considered magniﬁcations from 1:25 to 100.
At ﬁner scales there may be other surface features that may
prove important. Thus, this work is amenable to using higher
magniﬁcations, up to 150;000, through SEM and TEM in
addition to optical microscopy. Since our ﬁndings show that
the length scale revealed by wavelet analysis at 20 is
important, we now focus at this scale. Before we present the
analysis of images at 20, we discuss the process used.
Since we have to deal with studying subsets instead of
entire populations, then a relatively large ﬁeld of observation
(with respect to the features observed) requires only a small
number of samples (assuming ergodicity), while the opposite
is true for a small ﬁeld of observation. Each micrograph
represents an image with gray scale spatial variations (which
represent variations in surface height), so data at each scale is
obtainable through identifying appropriate spatial correlation
functions for the corresponding wavelet coeﬃcients. This is
important since obtaining very large images, diﬃcult to
acquire and process numerically, is avoided. Properties of the
micrograph can be read from properties of their wavelet
transform and vice-versa. Thus, mathematical metrics of
structure at each scale can be obtained. Such a statistical
analysis appears in the appendices—this is important for the
study of surface undulations presented in the sequence. Based
on the analysis it is revealed that the unfretted surfaces have
surface undulations at all scales, in a more ‘‘regular’’ fashion
in the direction transverse to the machine lines rather than
parallel to them. Thus contact should be studied in a
multiscale fashion.

6.
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Eﬀects of Surface Condition

It is interesting to study whether the surface undulations,
responsible for partially slipping contact areas, can be
picked up eﬃciently at some speciﬁc scale, or detail space
from one scale to another. In relevant developments,18,19) it
has been shown that in a contact problem with constant
normal load, the partially slipping zones remain the same as
those activated during the normal loading process. This,
then, indicates that the pattern of the fretted zones are
‘‘decided’’ before the tangential load is applied. This pattern
depends solely on the geometry of the contacting surfaces,
and on the magnitude of the normal applied load. The
inﬂuence of the geometry of the contacting surfaces on
fretting has been studied both experimentally and theoretically.20–23) The conclusion of these studies is that as surface
roughness increases fretting resistance also increases. The
roughness of surfaces restricts the actual contact to a
number of small areas at the peaks of the surface asperities.
As the normal load is increased, these asperities deform,
allowing the solids to move closer together and causing
more contact areas to be formed. Thus, the contact of sliding
solids is restricted to a number of small areas. However, in
this case the distortion produced by the relative motion of
the solids will cause the actual contact areas either to be
transient due to the fracture of the junctions, or to more
relative to one or both solids.
Unfortunately, it is extremely diﬃcult, if not practically
impossible, to have the image (at 20) of the fretted region
before fretting. Thus we have to examine images of fretted
and unfretted regions from diﬀerent locations. This can be
done eﬃciently by studying the statistics of the wavelet
coeﬃcients for the fretted and unfretted surfaces. Such a
study, along the lines of Appendix A, has yielded that
the coeﬃcients at the detail scale for the scales shown
in Figs. 10 and 11, in the direction of fretting, i.e. the
horizontal one, are statistically similar. As can be seen also
from Figs. 10 and 11, the representation of the surfaces at
these details are also similar (optically), and the ones
representing the fretted surfaces capture the morphology of
the fretting ‘‘pattern’’.
It is worth noting that this detail space, i.e., from 2:5 to
5, was the one at which the wavelet coeﬃcients show the
strongest statistical similarity, and also the images of fretted
and unfretted surfaces showed optical similarity. In other
words, the present study reveals that surface undulations at
such scales are important for the contact problem. Thus by
modifying these undulations, e.g. mechanically, resistance to
fretting will be modiﬁed. Before elaborating on this further,
we present results for fretting on polished surfaces.
Experiments similar to the ones described above were
performed using the same setup and materials, except that
the surface of the specimen was polished to a smooth
surface. The normal stress used in the experiment was
551 MPa. The sample was fatigued under a mean axial stress
of 195 MPa with a stress amplitude ratio of 0.1 at 250 Hz for
8:98  105 cycles, at which time fretting fatigue failure
occurred.
The absence of machine lines changed the fretting process
rather dramatically. Here, fretting damage could only be
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(a)

(a)

(b)

(b)

Fig. 10 Representation of (a) the unfretted surface and (b) the fretted
surface for one test series (machine lines oriented at 45 in relation to the
horizontal) for the detail space 1:25. The images were obtained through
the wavelet coeﬃcients from the transform of the images at 20.

observed at high magniﬁcations (much higher than the ones
used for fretting damage in machined specimens). Figure 12
shows a SEM image of the fretting damage at approximately
2000 magniﬁcation.
Since proﬁlometry at such high magniﬁcations is not easy
(the available atomic force microscope could provide such
data but for a small area, and this is not adequate for the
purposes herein) at this stage we are not able to identify
dominant scales as was the case for the machined specimens.
We are presently attempting to do such a study based on SEM
images, yet there are several issues to be resolved. However,
proﬁlometry at lower magniﬁcations is able to provide useful
information. Figure 13 shows the proﬁlometric image of the

Fig. 11 Representation of (a) the unfretted surface and (b) the fretted
surface for another test series (machine lines oriented at 45 in relation to
the horizontal) for the detail space from 2:5 to 5. The images were
obtained through the wavelet coeﬃcients from the transform of the images
at 20.

unfretted surface at 40 magniﬁcation. This clearly shows
that even though roughness (in the ‘‘traditional’’ sense of the
word) of the polished surface appears at very small scales,
surface undulations at larger scales is appreciable and
important for fretting.
Appendix B presents an analysis of this image along the
lines of Appendix A. Since the proﬁlometric image of the
fretted surface (at 2000) is not available, a wavelet based
comparative study (fretted versus unfretted), as was done
for the machined surfaces, is not feasible at this stage. Yet,
Fig. 14 shows the wavelet representation of the image of
Fig. 13, for the detail space from 1:25 to 2:5. Although
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Fig. 12 A SEM image of the fretting region at about 2000 magniﬁcation.

Fig. 14 Representation of the unfretted surface (Fig. 13) for the detail
space from 1:25 to 2:5. The image was obtained through the wavelet
coeﬃcients from the transform in the horizontal direction of the image of
Fig. 13.

geometrical ones, e.g. material microstructure and its relation
to the surface morphology, temperature ﬁelds during fretting,
etc. Yet, the present work paves the way towards multiscale
analysis of experimental data. According to the present study,
a multiscale approach would not be necessary for the
following two cases, not realizable in practice: (a) the
surface is ﬂat at all scales; (b) the surface possesses perfect
self-similarity (fractal) at all scales, i.e. there are no upper or
lower cutoﬀs, there are no deviations from perfect selfsimilarity, etc.
Acknowledgements
Fig. 13 Image from proﬁlometry of the unfretted surface at 40
magniﬁcation. The image is 100 mm  100 mm; the maximum height
diﬀerence is 86 nm.

statistical comparison with the fretted surfaces is not directly
feasible at this stage, the ‘‘pattern’’ of this image can be
related to the fretting pattern.
7.

Conclusions

The wavelet analysis allows a multiscale description of the
morphology of fretted and unfretted surfaces. Thus, one is
able to compare information obtained at diﬀerent scales, and
identify the scale (or range of scales) where information is
most useful. Furthermore, the surface morphology at several
scales is important for fretting damage; for machined
surfaces, undulations at scales higher than that of the
machine lines prove important. Thus, alteration of such
undulations in an optimum way will lead to improved
resistance to damage. Similar conclusions hold for the
polished surfaces, though further experimental data at higher
magniﬁcations will provide more insight. This work is
amendable to incorporating other eﬀects in addition to the
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Appendix A:

Statistical analysis of the unfretted machine-ﬁnished surfaces

Useful information on the statistical properties of the
unfretted surfaces can be obtained by studying the spatial
correlations. A ‘‘standard’’ analysis24,25) calls for studying the
so-called variance of increments V deﬁned as
V ¼ hjhð~
xÞ  hð~
x þ r~Þj2 i

ðA:1Þ

where h denotes the surface height as a function of position
x~, and h:i indicates expected value. Figure A·1 shows V for
the unfretted surface with the machine lines 5 to the
horizontal.
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(a)

(a)

(b)

(b)

Fig. A1 Variance of increments V in mm2 , vertical axes, as a function of
spatial distance r one unit/pixel = 6.23 mm, horizontal axes, for the
unfretted surfaces with the machine lines 5 from the horizontal obtained
from the 1:25 magniﬁcation image. (a) In the vertical direction; (b)
horizontal direction.

Fig. A2 Log-log plot of scale a, horizontal axes, versus Ma , verical axes
for the unfretted surfaces with the machine lines 5 from the horizontal
obtained from the 1:25 magniﬁcation image. (a) in the vertical direction;
(b) in the horizontal direction.

hðxÞ ¼  H hðxÞ
As can be seen the surface is stationary, i.e. the value of V
does not increase indeﬁnetely with r. In the vertical direction
a variance of 0:5 mm2 can be identiﬁed and a correlation
distance of 80 pixels or 80  6:23 
¼ 500 mm. In the
horizontal direction a clear plateau is not reached, yet a
sharp increase in V is observed for small spatial distances.
Thus a clear correlation distance and variance in the
horizontal direction (the direction of fretting in this case)
cannot be identiﬁed. Thus statistical information in the
horizontal direction os highly scale-dependent, and this
justiﬁes further the wavelet-based study of the surfaces.
In a relevant work26) a very eﬃcient method for studying
the properties of a surface scale-wise (and for determination
of the Hurst exponent, for self-aﬃne surfaces) was introduced and examined in detail. The method, based on wavelet
analysis of data, is clearly shown to outperform other
methods available, especially when a few number of samples
or even single realizations are available. The method is based
on studying the wavelet coeﬃcients at each scale of
decomposition, and in particular studying
Ma ¼ hjW½hða; bÞjib

ðA:2Þ

i.e., the spatial expected value (b denotes space variable) of
the wavelet coeﬃcients of a function h for each scale a.
As shown, when a function hðxÞ scales, in a statistical sense,
such that

ðA:3Þ

then its wavelet transform satisﬁes
1

W½hða; bÞ ¼  Hþ 2 W½hða; bÞ

ðA:4Þ

In the case 0 < H < 1, function h is self-aﬃne. By averaging
out the dependency on the translation parameter a, i.e., by
calculating, for each scale of decomposition a, Ma and by
plotting, in log-log plot, a versus Ma , the slope of the straight
line is 1=2 þ H. Of course, since data in this case (surface
geometry) are two-dimensional, we get a slope for two
perpendicular directions, i.e. x and y. Diﬀerent H in the two
directions implies anisotropy. Note that H can depend on
scale a implying diﬀerent properties at diﬀerent scales, e.g.
self-aﬃnity at certain scales, statistical stationarity at other
scales, etc.
Figure A·2 shows the log-log plots of a versus Ma for
an unfretted surface. It can be seen that in the vertical
direction (Fig. A·2(a)) for large scales the surface becomes stationary (slope of the curve becomes zero and
subsequently negative) while in the horizontal direction
(Fig. A·2(b)) the ‘‘disorder’’ of the surface is highly scaledependent.
Figure A·3 is similar to Fig. A·2 but for another image of
the surface. Comparing Figs. A·2 and A·3, it can be revealed
that the unfretted surfaces have surface undalations at all
scales, in a more ‘‘regular’’ fashion in the direction transverse
to the machine lines rather than parallel to them.
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(a)

(a)

(b)

(b)

Fig. A3 Log-log plot of scale a, horizontal axes, versus Ma , verical axes
for the unfretted surfaces with the machine lines 45 from the horizontal
obtained from the 5 magniﬁcation image. (a) in the vertical direction; (b)
in the horizontal direction.
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Analysis of the unfretted polished surfaces

A process similar to that shown in Appendix A was applied
for the polished surfaces. Figure B·1 shows the log-log plots
of a versus Ma for an unfretted polished surface, obtained
from the image of Fig. 14.
It can clearly be observed that the surface undulations are
multiscale, i.e. the slope of the graph changes with the scale.
Correlation analysis did not show any trend, nor it reached a
platau, which would indicate the existense of a particular
correlation distance.
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