Experimental Mechanics (2013) 53:1033–1038
DOI 10.1007/s11340-012-9709-y

Residual Stress-Related Common Intersection Points
in the Mechanical Behavior of Ceramic Matrix Composites
Undergoing Cyclic Loading
K.G. Dassios & T.E. Matikas

Received: 31 August 2012 / Accepted: 18 December 2012 / Published online: 19 January 2013
# Society for Experimental Mechanics 2013

Abstract The mechanical response of SiC-fiber reinforced
barium osumilite ceramic matrix composites tested in tension with unloading/reloading cycles was very recently
reported to exhibit self-assembling common intersection
points (CIP) of unloading/reloading loops in the tensile
domain which relate exactly to the thermal residual stress
state of reinforcing fibers in a matrix of a lower coefficient
of thermal expansion (Dassios et al. Compos A: Appl Sci
Manuf 44:105–113, 2013). Knowledge of the experimentallyexact residual stress state enables, herein, examination of the
validity of the conventional compliance-based methodology
for indirectly calculating residual stresses from projected/extrapolated CIPs. The efficiency of two prominent residual
stress prediction models is also tested across the
experimentally-established value of thermal residual stress
(TRS). The significance of the CIP as the TRS-free origin of
the stress-strain curve is discussed in view of the importance
in calculating accurate material property values from mechanical testing data of materials under residual stress.
Keywords Ceramic matrix composites . Residual stresses .
Cyclic load . Common intersection point

Introduction
The mechanical and thermal performance of ceramic matrix
composites (CMCs) depends strongly on the sign and magnitude of internal thermal residual stresses (TRS) that develop upon cooling of the material from the crystallization
temperature due to the mismatch of elastic constants and
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coefficients of thermal expansion (CTEs) between the
composite constituents [2]. TRS directly affect interfacial conditions [3, 4] and the stress state of the matrix and
reinforcing fibers [5, 6], as they also determine the type of
micro-cracking [7].
To date, there are four main experimental methods for
indirectly evaluating residual stresses in glass-ceramics: Xray diffraction (XRD) [8], Raman [9, 10] and fluorescence
[3, 11, 12] spectroscopy and indentation [13]. Evaluation of
residual stresses in ceramic matrix composites has widely
followed a separate, very popular method that relies exclusively on mechanical testing data: In the Common Intersection Point (CIP) method proposed by Camus [14] and
further improved by Steen [15], the compliance slopes of
unloading-reloading loops in the stress–strain curves of thus
tested CMCs, meet at a single point whose coordinates
directly relate to the axial TRS state of the reinforcing fibers.
This CIP is the fictitious TRS-free origin of the stress/strain
curve of the material. As, most often, the CIP is not visible
in the tensile domain of the curves [14–17], the points have
been conventionally established by extrapolation of the
compliance slopes of reloading-unloading loops. Morscher
et al. successfully calculated a tensile TRS state of SiC
fibres in a SiC matrix, however only by application of the
same compliance extrapolation method[18]. While residual
stress values calculated from projected CIPs have generally
compared well with theoretical predictions, it is only very
recently that the mere existence of a common intersection
point in cyclically-loaded CMCs with internal residual
stresses was proven experimentally for the first time [1].
Knowledge of experimentally-exact TRS states introduces
new challenges, such as to validate the conventional CIPby-compliance theory and other TRS prediction models.
In the present article, the coordinates of experimental CIPs,
self-assembled in the tensile domains of cyclically-loaded
SiC-fibre reinforced barium osumilite ceramic matrix
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composites, are used to examine the efficiency of two popular
TRS-prediction equations as well as to validate the leading
CIP-by-compliance methodology for evaluation of residual
stresses.

Experimental
Cross-ply composite laminates, 3 mm thick, were externally
processed by hot-pressing prepreg sheets of SiC-Tyranno
fibers (UBE Industries Ltd., Japan; quoted elastic modulus
Ef =190 GPa, quoted strength 3.3 GPa) previously wet in a
barium osumilite (BaMg2Al6Si9O30, BMAS:barium-magnesium-alumina-silicate) precursor glass frit, at ~1,200 °C.
During this stage, a weak fibre/matrix interface is formed
as a result of chemical reactions occurring between SiC and
the oxides of the matrix, providing a carbon-rich layer on
the fiber surface [19, 20]. The final volume fraction of fibers
in the plates is Vf =0.55. Rectangular beams of dimensions
l×w×t=105×12×3 mm3, with and without double-edge
notches, were prepared in a CNC vertical machining center
using a 300 μm-thick diamond wafering blade (Model 5 LC
Diamond Series, Buehler Co. Ltd., Lake Bluff, IL, USA).
Fiber orientation in the external plies was set parallel to the
loading axis (0°). Notched specimens were prepared with 2
moderately small notch-to-width ratios: 0.2 and 0.35 to
allow unfolding of damage mechanisms within the central
region. Dogbone specimens were also prepared for pure
tension testing according to ASTM C1275-10. Sets of at
least 3 specimens were prepared for each test type.
Testing was performed at ambient temperature under
crosshead displacement control on an Instron 8800 servohydraulic test system (Illinois Tool Works, Glenview, IL,
USA) equipped with a 100 kN load cell and hydraulic
clamping grips. Unloading commenced at 10−3 strain
with a step of 1.5×10−3 and specimens were stress-free before
commencement of reloading. Loading, unloading and reloading occurred at a constant displacement rate of 0.2 mm/min.
A clip-on axial extensometer equipped with knife-edge
mounting legs, gauge length 25 mm, was used to record
strain on the specimen.
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stress was followed by catastrophic failure of all DEN specimens tested. Composite strength decreased marginally with
notch length; average values of 279 and 271 MPa were
calculated for specimens of notch-to-width ratios of 0.2
and 0.35, respectively. Composite Young’s modulus followed the same trend with average values of 118 and
109 GPa for the above ratios. By examination of the
abscissas of unloading curves at zero stress it was observed
that notched specimens exhibited limited positive inelastic
strain accumulation.
The typical mechanical response of un-notched SiC/
BMAS composites, was considerably different in that it
exhibited a triple regime behavior and a surprisingly welldefined CIP of unloading-reloading cycles, self-assembled
by unloading-reloading data at an average strain of 0.1 %
and stress of 90 MPa, as seen in Fig. 1. While the initial
elastic and damage regimes were of the same qualitative
characteristics as in the notched specimens, the primer
appeared to span larger strains for un-notched specimens,
namely 0.3 % compared to ca. 0.05 % in notched ones.
The damage regimes spanned identical strain ranges of
0.3 % in both specimen types. The third regime, with
characteristics of macroscopic stiffening such as an almost
linear stress–strain relationship and an increase in tangent
modulus, appeared after the attainment of a saturated
matrix cracking state and corresponded to a material behavior governed by load bearing by intact fibers in a
completely bridged matrix environment. Indeed, the
purely elastic behavior of fibers in the composite, approximated by a dashed line of slope λEfVf =52.2 GPa,
where λ = 0.5 is the non-unidirectional reinforcement
correction factor, compares very well to the slope of
the final unloading cycle before failure, 52 GPa. Similar
stiffening phenomena and linear stress–strain end shapes
in composite curves have been reported in the past

Results and Discussion
The typical mechanical response of double-edge-notched
SiC/BMAS composites under cyclic tension, consisted of a
linear elastic regime limited within the initial 0.05 % strain
which was followed by a regime of gradually decreasing
tangent modulus to the curve and decreasing average slope
of unloading-reloading cycles indicative of progressive interfacial damage along matrix cracks developing in planes
perpendicular to the fibers’ axis. Attainment of maximum

Fig. 1 Typical mechanical response of SiC/BMAS composites under
cyclic (solid line) and monotonic tension (dotted line)
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[21–23]. The average strengths and elastic moduli of
un-notched composites were 353 MPa and 151 GPa
respectively, increased by 28 % and 32 % from the
mean corresponding values of notched specimens.
Contrary to DEN specimens, un-notched composites
exhibited extended inelastic strain accumulation, of negative
sign—arguably due to the expansion of the matrix blocks
under residual compression and the corresponding contraction
of fibers bridging the cracks that occurs as TRS is relieved
during loading [15]. Inelastic strain, plotted in Fig. 2 as a
function of peak cycle stress, increased in absolute value
within the damage regime and reached a plateau value after
the attainment of a saturated matrix cracking state. This finding is in line with the rationale of inelastic strain being closely
related to the cracking mechanism.
Independently of specimen type, the shapes of unloading/
reloading loops exhibited hysteresis coupled with deviation
from linearity of the unloading curve, and introduction of
positive curvature. Hysteresis, a result of the sliding conditions
and the frictional coefficient at the fiber-matrix interface, is
directly related to the residual stress state of the composite
constituents. Hysteresis was negligible only with the two initial
cycles in all cases, it appeared to increase within the damage
regime and remained steady with the stiffening regime. Typical
loop forms encountered in each of the three regimes are shown
in Fig. 3.
The typical mechanical response of the composite under
monotonic tension (Fig. 1, dotted line) exhibited the same
qualitative characteristics as the envelopes to the cyclic loading
curves. The overall shape and existence of the triple regime
was common between the two types of loadings, as also was
the strain span of the three regimes. A most interesting finding
was that the pure- and cyclic- tension lines intersected exactly
at the experimental CIP. At strains higher than the CIP, stress
increased less rapidly in the monotonically tested composites,
resulting in an observed final increase by 20 % in attainable
material stress, attributable to cyclic loading [24].
In the conventional procedure for calculating TRS from
the coordinates of the projected CIP, the stress co-ordinate
of the CIP is equal to the product of the average axial
residual stress in the fibers and their volume fraction, whereas the strain co-ordinate is equal to the axial residual strain
in the fibers averaged over the gauge length [15]. By application of the same rationale to the self-assembled CIPs of
this study, an average axial residual stress on SiC fibers of
163 MPa is calculated. This experimentally-determined value provides the undisputedly true TRS state of the SiC
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Fig. 2 Evolution of inelastic strain and elastic stiffness of the SiC/
BMAS composites during cyclic loading. Solid lines represent cubic
spline regressions to the data

fibers in the BMAS matrix and can prove helpful in
evaluating available TRS-prediction models. Classic theoretical estimations for composites with ideal interfacial
bonds, expect the axial residual stress in a non-cracked
matrix, σm
r , to be:
σm
r ¼ Em




lEf Vf
a f  a m T o  Tp
lEf Vf þ Em Vm

ð1Þ

where αf and αm are the linear CTEs for the fiber and
matrix respectively, while To and Tp are the room and
processing temperatures, respectively. Using the already
known values for Ef, λ and Vf, and Em =120 GPa [25],
αf =4.5 × 10−6 K−1 (quoted by manufacturer), αm =2.5×
10−6 K−1 [26], To =298 K and Tp =1573 K, the expected
axial residual stress in the non-cracked matrix is found to
be compressive at 150 MPa. The expected TRS for the
fibers would then be tensile at 150 MPa; this value should
be considered the theoretical maximum since the source
model does not consider the effect of damage mechanisms
such as matrix cracking and interfacial debonding that
exist in practice. Yet, the true TRS value measured at
the assembled CIP, appears 8 % higher than the theoretical
prediction. This discrepancy is small considering the accuracy associated with the measurement of the parameters
required in equation (1) and shows that this relationship
can be used for rough TRS predictions.
Hsueh and Becher have offered a more elaborate analysis for the estimation of axial residual stress on long
fibers [27]:
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Fig. 3 Evolution of the hysteresis
loop shape in the elastic, damage
and stiffening regimes

where A is given by:
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where αf,r is fiber CTE in the radial direction and νf and νm
are the Poisson’s ratios of the fibers and the matrix respectively. Using νf =0.15 [28] and νm =0.25[25] and two extreme values for the unknown radial CTE of the fibers,
αf,r1 =0 and αf,r =4.5×10−6 K−1, a range of residual fiber
stress of 131 to 205 MPa is calculated. The mean value of this
range, 168 MPa compares favorably with the experimentally
calculated TRS.
If the CIP is the new TRS-free origin of the mechanical
behavior of the composite, it is interesting to investigate the
effect of shifting the tensile curve in the stress–strain plane so
that the point is brought into coincidence with the origin. By
doing so, the composite’s Young’s modulus in the translated
stress/strain domain is recalculated as 104 GPa, a value that is
30 % less than the originally-calculated modulus of 151 GPa
and that is now closer to the average modulus of notched
specimens, 113 MPa. This finding demonstrates the strong
dependence of material properties on residual stresses and
indicates the amount of cautiousness that should be taken
when calculating properties from mechanical testing data of
materials under residual stress. The effect of TRS on properties becomes more complex if machining stresses are considered. The absence of a CIP in the curves of notched specimens
signifies that internal residual stresses are relieved in these
materials. There are indeed explicit indications that machining
damage –in this case removal of material for fabrication of
notches normal to the loading direction- is related with the
propensity for relaxation of the TRS in both ceramic materials
[5, 29] and metal alloys [30].

ð3Þ

Knowledge of the experimentally-exact TRS state of the
composite can also assist in evaluating the efficiency of the
compliance-extrapolation method employed for calculating
CIP locations and the associated TRS. While the slope of a
particular loop is non-uniquely defined due to the hysteresis
effect (Fig. 3) -hence the exact position of the projected CIP
depends on the choice of slope and the assumptions thereinthe upper part of the reloading modulus (linear end of reloading
curve, subset graph in Fig. 4), is widely accepted as the
relevant elastic stiffness, equivalent to the modulus of the
damaged material under monotonic tension. The regression

Fig. 4 Evaluation of the CIP-by-compliance calculation method
across the true experimental CIP
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result to the 17 reloading cycles of Fig. 3 is presented in Fig. 4
as a well-assembled CIP that compares favorably with the
location of its experimentally-obtained counterpart. The values
of the calculated elastic stiffness, plotted as a function of cycle
stress in Fig. 2, appeared to decrease rapidly from the Young’s
modulus value, 153 GPa, within the initial regime and attain a
plateau value of ca. 35 GPa near the end of the damage regime.
Two transient fluctuations in the otherwise monotonic decrease
in the stiffness curve, at cycles near the end of the first regime
and soon within the second regime, could be related to the
unfolding of energy dissipation phenomena such bridging and
interfacial debonding. The stress coordinate of the calculated
CIP, 100 MPa, translates to an axial TRS of 181 MPa on the
reinforcing fibers, which is 11 % higher than the experimental
value and 17 % higher than the TRS predicted by equation (1).
A similar analysis, performed on the basis of the unloading
slope, indicated a TRS of 90 MPa, which underestimates the
true TRS by 44 %. Hence the widely used CIP-by-compliance
extrapolation method based on the elastic stiffness (linear
reloading slope) proves quite accurate in assessing the actual
TRS of the SiC/BMAS composite under investigation.

Conclusions
The average stress coordinates of common intersection points
of unloading-reloading loops in the tensile curves of
cyclically-loaded SiC/BMAS ceramic matrix composites,
were used to directly measure residual tensile stresses of
163 MPa on the reinforcing fibers. The experimentally-exact
TRS values were used to test the efficiency of two prominent
residual stress models as well as to validate the leading methodology for calculating CIPs through the elastic compliance
extrapolation method, for two different moduli choices, either
unloading modulus, or reloading modulus. It was found that
the compliance method based on the reloading modulus was
closer to the true experimental findings as it provided TRS
values that were 11 % higher than the directly measured
values. The compliance extrapolation method based on the
unloading modulus underestimated the experimentally captured behavior by 44 %. The TRS expected under the classical
assumption of ideal interfacial bonds, also underestimated the
real TRS state by 8 % whereas the results obtained by application of the Hsueh and Becher model compared favorably
within 2 % of the experimental value.
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